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Fuzzy risk assessment procedure
The nature of construction project has imposed, in the risk analysis process, substantial uncertainties and subjectivities, which have hampered the applicability of many risk assessment methods, that are used widely in construction projects and require high quality data, such as Fault Tree Analysis (FTA), Event Tree Analysis (ETA), Probability and impact grids, Sensitivity Analysis, Estimation of System Reliability, Failure Mode and Effect Analysis (Ahmed and Amornsawadwatana, 2007) .
Recently, many risk assessment approaches have been based on using linguistic assessments instead of numerical values. Using Fuzzy Sets Theory (Zadeh, 1965) , data may be defined on vague, linguistic terms such as low probability, serious impact, or high risk. These terms cannot be defined meaningfully with a precise single value, but Fuzzy Sets Theory provides the means by which these terms may be formally defined in mathematical logic.
Several research studies on the risk assessment of construction projects using fuzzy approaches have been performed. Some fuzzy proposals have been inspired in the classical risk assessment methods, such as, ETA and FTA: Fujino (1994) demonstrates the applicability of the proposed fuzzy FTA methodology to some cases of construction site accidents in Japan; Huang (2001) proposes a fuzzy formal procedure in order to integrate both human-error and hardware failure events into a ETA methodology; Cho (2002) proposes a fuzzy ETA methodology characterized by the use of new forms of fuzzy membership curves.
However, the research studies have not only been focused on using fuzzy concepts into conventional risk assessment frameworks, but rather new methods have been proposed. Carr and Tah (2001) define a formal model based on a hierarchical risk breakdown structure. The risks descriptions and their consequences are defined using linguistic variables and the relationship between the likelihood of occurrence (L), the severity (V) and the effect of a risk factor (E) is represented by rules such as "If L and V then E". Zeng et al. (2007) propose a risk assessment model based on fuzzy reasoning and AHP approach. A modified analytical hierarchy process is used to structure and prioritize risks considering three fundamental risk parameters: risk likelihood (RL), risk severity (RS) and factor index (FI), defined all of them in terms of linguistic variables which are transformed into trapezoidal fuzzy numbers. The relations between input parameters FI, RL, RS and output named Risk magnitude (RM) are presented in form of "if…then" rules. Dikmen et al. (2007) propose a methodology for risk rating of international construction projects. Once the risks have been identified and modelled using influence diagrams, they are assessed by linguistic terms. The relationships between risks and influencing factors are captured from the knowledge of experts by using ''aggregation rules'', where the risk knowledge is explained in form of "if…then" rules. The aggregation of fuzzy rules into a fuzzy cost overrun risk rating is carried out by fuzzy operations. Wang (2007) proposes a risk assessment methodology which allows experts to evaluate risk factors, in terms of likelihood and consequences, using linguistic terms. Also it is provided two alternative algorithms to aggregate the assessments of multiple risk factors, one of which offers a rapid assessment and the other one leads to an exact assessment. Zhang and Zou (2007) propose a methodology based on a hierarchical structure of risks associated with a construction project. Based on expert judgment, the weight coefficients of risk groups and risk factors are acquired with the aid of the AHP techniques and the fuzzy evaluation matrixes of risk factors. Then the aggregation of weight coefficients and fuzzy evaluation matrices produces the appraisal vector of risky conditions of the construction project.
It can be affirmed that all the proposed fuzzy risk assessment methods have a common procedure (Lyons and Skitmore, 2004 ):
1. Definition and measurement of parameters: The fundamental parameters, by which the risks associated with a project are assessed, are risk probability and risk severity, although other parameters can be defined. The measurement of these parameters frequently is difficult due to the great uncertainty involved. In these cases, the measurement of each parameter is made in vague data or linguistic terms and converted into its corresponding fuzzy number.
2. Definition of fuzzy inference. The relations between input parameters and output parameters can be defined in form of "if-then" rules or in form of mathematical function defined by an appropriated fuzzy arithmetic operator 3. Defuzzification. As the result of a fuzzy inference phase is a fuzzy number, this step is used to convert the fuzzy result into a exact numerical value that can adequately represent it.
In some risk assessment methodologies, some judgements are done by means of pair-wise comparisons (Zeng et al., 2007; Wang, 2007; Zhang and Zou, 2007) . Preference information of alternatives generally presents inconsistency problems. Although there are a large number of studies about the inconsistency of fuzzy preference relations (Dong et al., 2008; Ghazanfari and Nojavan, 2004; M Herrera-Viedma et al. 2004; Ma et al, 2006; Wang and Chen, 2008) , none of the proposed fuzzy risk assessment methodologies take into account the inconsistency of the judgements. This paper presents a fuzzy risk assessment model which most significant difference with other fuzzy risk assessment methods is the use of an algorithm to handle the inconsistencies in the fuzzy preference relation when pair-wise comparison judgements are necessary.
Fuzzy sets theory
The Fuzzy Set Theory introduced by Zadeh (1965) is suitable for dealing with imprecision and uncertainty associated with data in risk assessment problems. In a universal set of discourse X, a fuzzy subset A of X is defined by a membership function μA (x), which maps each element x in X to a real number in the interval [0, 1] . The function value of μA (x) signifies the grade of membership of x in A.
When μA (x) is large, its grade of membership of x in A is strong (Kaufmann and Gupta, 1991) .
Among the various types of fuzzy sets of special significance are fuzzy numbers (Dubois and Prade, 1978) defined as A = {x, μA (x)} where x takes its number on the real line  and membership function μA: [0, 1], which have the following properties: By the extension principle (Zadeh, 1965) , the fuzzy arithmetic operations of any two trapezoidal fuzzy numbers follow these operational laws:
Fuzzy addition:
Fuzzy subtraction:
Fuzzy multiplication:
Fuzzy division:
The fuzzy addition or the fuzzy subtraction of any two fuzzy trapezoidal numbers is also a trapezoidal fuzzy number. But the fuzzy multiplication or the fuzzy division is only approximate a trapezoidal fuzzy number.
The scalar multiplication of a trapezoidal fuzzy number is also a trapezoidal fuzzy number defined as:
The algebraic operations of fuzzy numbers based on α-cut concept.
The α-cuts of a fuzzy number A with membership function μA (x) are defined as the crisp set that contains all the elements of  whose membership grades in A are greater or equal to the specified value of α:
and denoted it by [Al defined as (Klir and Yuan, 1995) :
Division:
According the extension principle (Zadeh, 1965) , an arbitrary fuzzy set A can fully and uniquely be represented as:
where U denotes the standard fuzzy union and α_A α denotes the special fuzzy set which membership function is defined as: 
Proposed risk assessment model
A risk assessment model, based on fuzzy reasoning, is proposed as shown in Fig. 1 . The model consists of three steps: preliminary step, definition of risk factor function and measurement of variables step and fuzzy inference step. The details are described in the following sections. 
Preliminary step
Establish a risk assessment group
The members in a risk assessment group must be carefully selected. The selected experts will have a high degree of knowledge and previous experience in similar construction projects. The risk assessment team must include the following experts: project managers, project team members, customers, subject matter experts from outside the project team, end users, stakeholders and risk
The members in the risk assessment group will undertake the risk identification, even though all project personnel should be encouraged to identify risks. Also, the risk assessment group will undertake the measure of risk function parameters.
Identify the risk sources
Risk identification is studying a situation to realize what could go wrong in the project development at any given point of time during the project. The process must involve an investigation into all the potential sources of project risks and their consequences. It is of considerable importance because the process of risk analysis and response strategies may only be performed on the identified potential risks.
The risks identification is an iterative process because the risks may evolve or new risks become known as the project progresses through its life cycle. The iteration frequency and who participate in each cycle will depend on the characteristics of the project.
The experts in a risk assessment group have intuitive methods of recognizing a risk situation.
Anyway, there are some risks identification tools as: Checklist, Influence Diagrams, Cause and Effect
Diagrams, Failure Mode and Effect Analysis, Hazard and Operability Study, Fault Trees and Event
Tree (Ahmed and Amornsawadwatana, 2007) .
Construct hierarchical structure of risks
The members in the risk assessment group are required to identify and classify the risks associated with the construction project. To decompose the risks into adequate details in which they can be efficiently assessed, a hierarchical structure of risks is generated. The risks are sorted into n groups on the basis of the types of risks, as shown in Fig. 2 . More levels of decomposition can be incorporated into the hierarchical structure whenever the elements of a given level are mutually independent, but comparable to the elements of the same level. 
Definition of risk factor function and measurement of variables step
Define risk factor function
The risk factor (RF) can usually be assessed by considering two fundamental risk parameters: risk impact (RI) and risk probability (RP). The risk impact parameter investigates the potential effect of the risk on a project objective such as schedule, cost, quality or performance. The risk probability parameter investigates the likelihood that each specific risk will occur. These parameters do not take into consideration the impact of the risk to the overall framework of the project. In order to assess the risks efficiently and effectively, a parameter, named risk discrimination (RD), is proposed (Cervone, 2006) . The risk discrimination parameter provides an additional perspective because it gauges the impact of the risk to the overall framework of the project, rather than looking at each risk as an independent variable within the project. With each risk evaluated in the context of the three dimensions, a value can be assigned to each risk using Eq. (14):
Define linguistic scales and associated fuzzy numbers
Frequently, it may be extremely difficult to assess the risk associated with a project due to the great uncertainty involved. The imprecision comes from a variety of sources such as, unquantifiable information, incomplete information or non-obtainable information (Chen and Hwang, 1992) . When the members in a risk assessment group have inexact information about risks associated with a project, the assessments can not be exact but approximate. In these circumstances, the judgements of the members in a risk assessment group are expressed by means of linguistic term instead of real numbers.
An important aspect to handle this kind of problems is to define the linguistic terms that will be used. The possible linguistic terms that can be used depends on the nature of the problem. The linguistic terms which generally can be used to assess the parameters of a risk assessment problem, risk impact, risk probability and risk discrimination are the following ones:  For evaluating the first dimension, RI, a five-point scale is defined: Critical (C), Serious (S), Moderate (Mo), Minor (Mi) and Negligible (N).  For the second dimension, RP, a three-point scale is proposed: High (H), Medium (M) and Low probability (L).  The third parameter, RD, will be obtained by pair-wise comparison between risks. The selected comparison scale is: Much less (Ml), Less (L), Same (S), More (M) and Much more (Mm).
The linguistics terms must be transformed into a fuzzy numbers by using appropriate conversion scale. One of the key points in fuzzy modelling is the definition of fuzzy numbers which represent vague concepts and imprecise terms expressed in a natural language. The representation does not only depend on the concept but also on the context in which it is used. Even for similar contexts, fuzzy numbers representing the same concept may vary considerably.
When operating with fuzzy numbers, the result of our calculations strongly depend on the shape of the membership functions of these numbers. Less regular membership functions lead to more complicated calculations. Moreover, fuzzy numbers with simpler shape of membership functions often have more intuitive and more natural interpretation.
All these reasons cause a natural need of simple approximations of fuzzy numbers which are easy to handle and have a natural interpretation. For the sake of simplicity the trapezoidal or triangular fuzzy numbers are most common in current applications. As noted in a research study (Mayor and Trillas, 1986) , the precision in the shape of the membership functions often is not important because of the quantitative nature of the problems with vague predicates; thus they are generally written as linearly as possible. Normally it is sufficient to use a trapezoidal representation, as it makes it possible to define them with no more than four parameters.
Based on some researches, a numerical approximation system is proposed to systematically convert linguistic terms into their corresponding fuzzy numbers (Chen and Hwang, 1992) . The used linguistic terms, their meaning and their associated membership function are shown in Table 1 . 
where i is each one of the risks at the bottom level of the hierarchy, m is the number of members in risk assessment group, × is the scalar multiplication defined in Eq. (6) and  is the fuzzy addition defined in Eq. (2).
Measure RD parameter
Compare risks pair-wise
The members in the risk assessment group are required to provide their comparative judgement on the impact on overall framework of the project for each risk pair-wise of the same level and group in the hierarchical structure.
These linguistic measures are converted into their corresponding fuzzy members according to Table   1 . For each member in risk assessment group it is obtained the following comparison matrix for the group g and the level l in the hierarchy: (17) where n is the number of risks of the group g and the level l in the hierarchy and m is the number of members in risk assessment group.
Aggregate individual fuzzy numbers into a group fuzzy number
The comparative fuzzy numbers of each one of the members in the risk assessment group are aggregated into a group fuzzy number by using the fuzzy arithmetic average which is defined as: (19) where n is the number of risks of the group g and the level l in the hierarchy.
Estimate RD local (RD * )
This problem is solved by using fuzzy classical methods of criteria weight calculation adapted to operate with trapezoidal fuzzy numbers.
In the fuzzy classical methods, the decision maker (DM) provides its fuzzy preference relations on criteria pair-wise, Wij. The ratio Wij denotes the preference degree of the criteria ci over cj and it is usually defined as a fuzzy singleton, which is a fuzzy set which contains only one element.
If values of the fuzzy preference relations on criteria pair-wise were consistent, W'ij, by the reciprocal property of fuzzy preference relation, i.e., W'ij + W'ji=1, there would be an explicit functional relation between W'ij and the fuzzy values wi and wj, which would reflect the ranking values of the criteria ci and cj (Ma et al. 2006 ):
where ψ (wi) can be any non-decreasing function and ∑ wi=1. Generally the pair-wise comparison information given by the DM has inconsistency, that is Wik<0.5 for Wij≥0.5 and Wjk≥0.5. Transitivity is the property that is usually accepted to deal with problems of fuzzy preference relations consistency Chen, 2008, Dong et al., 2008) . where i and j are risks of the group g and the level l in the hierarchy and  and  represents the fuzzy addition and subtraction using Eqs. (2) and (3).
The main implication of this method is that the sum of RD * i should be now a trapezoidal fuzzy number "around one" that must be defined correctly to get a solution. where n is the number of risks of the group g and the level l in the hierarchy.
Aggregate RD * in hierarchy
Assume the risk ri has t upper groups at different level in the risk structure hierarchy and RD *(j) group is the value RD * of the j th upper group which contain the risk ri in the hierarchy. The final value of RD for each risk ri can be calculated by: (26) where i is each one of the risks at the bottom level of the hierarchy and  represent the fuzzy multiplication using arithmetic operations on their α-cuts in Eq. (12).
Fuzzy inference step
In the fuzzy inference step, risk analysts convert the aggregated fuzzy number of RI, RP and RD into a fuzzy number that represents the overall risk factor of each risks ri.
4.3.1Fuzzy inference
Once the RI, RP and RD parameters are expressed by trapezoidal fuzzy numbers, the overall risk factor is calculated as 27) where i is each one of the risks at the bottom level of the hierarchy and  and O  represent the fuzzy multiplication and the fuzzy division using arithmetic operations on their α-cuts in Eqs. (12) and (13), respectively.
Defuzzification
Defuzzification of fuzzy numbers is an important procedure for the risk assessment in fuzzy environment. Defuzzification is the operation of producing a non-fuzzy number, a single value that adequately represents the fuzzy number ORF.
There are several methods proposed for defuzzification process. In this research, the centroid method (Yager, 1980) is proposed according to the requirements for reflecting the real situation and the viewpoint of the assessment group.
where i is each one of the risks at the bottom level of the hierarchy.
The output of the fuzzy risk assessment procedure is a final risk rating.
Numerical example
A case example of risk assessment on the rehabilitation project of a building in University of
Cartagena is presented to demonstrate the applicability of the proposed risk assessment methodology.
According to the project requirements, the project duration is identified as a critical objective.
Therefore, the time overrun is identified as a major risk which needs to be assessed for securing the success of the project.
There are many risk sources which can lead to the delay of the project completion, such as, lack of supply quality, design changes, lack of resources, etc. This kind of risks is difficult to measure due to the lack of information and uncertainties involved. As there are no adequate practical data and information to support a traditional risk analysis, the proposed risk assessment method has been employed to assess the risks of the completion of a rehabilitation project.
Establish a risk assessment group
Four experts with high experience in rehabilitation projects of buildings are selected to form the risk assessment group. The risk assessment team is formed by a civil engineer, an architect, an archaeologist and a project manager, all of them experts in rehabilitation of buildings. The team undertakes the risk assessment by using the proposed methodology.
Identify the risk sources and construct hierarchical structure of risks
On the basis of their experience and qualification, the risk assessment group identifies the risks and constructs a risk hierarchy as shown in Fig.3 . The defined hierarchy consists of four groups i.e.
'engineering risks', 'execution risks', 'suppliers risks' and 'project management risks'. For example, under project management group, there are four major risks will affect the completion of the rehabilitation project. They are 'Lack of adequate process', 'Lack of resources', 'Inexperienced team members' and 'Lack of motivation attitudes'. Fig. 3 . Hierarchical structure of risks.
Measure of RI and RP parameters and aggregate individual fuzzy numbers into group fuzzy number
The measurement of RI and RP for each risk at the bottom level of the hierarchy, involves the following steps: (a) linguistic measure of RI and RP by each expert using the linguistic terms shown in Table 1 , (b) convert these measures into fuzzy numbers using the score system shown in Table 1 (c) and aggregate the fuzzy numbers into a group fuzzy number by applying the fuzzy arithmetic average as shown Eqs. (15) and (16), respectively. As example, the fuzzy numbers corresponding to the linguistics measurement of RI and RP of the risks under 'project management group' and their group values are shown in Table 2 . Table 2 Membership functions of RI and RP parameters and fuzzy aggregation (0.3, 0.5, 0.5, 0.7) (0.1, 0.25, 0.25, 0.4) (0.3, 0.5, 0.5, 0.7) (0.6, 0.75, 0.75, 0.9) (0.3250, 0.5000, 0.5000, 0.6750) (0.2, 0.5, 0.5, 0.8) (0.7, 0.9, 1, 1) (0.7, 0.9, 1, 1) (0.7, 0.9, 1, 1) (0.5750, 0.8000, 0.8750, 0.9500) 
Measure of RD parameter
Compare risk factors pair-wise and aggregate individual fuzzy numbers into group fuzzy number
For every risk pair-wise in each group and level defined in the hierarchy, each member in the risk assessment group provides its comparative judgement on the impact on overall framework of the project using the linguistic terms shown in Table 1 . Each one of the comparative judgements, which is provided by the members in the risk assessment group, is converted into its corresponding fuzzy number using the score system shown in Table 1 . As example, the fuzzy numbers corresponding to compare judgement of each pair-wise risks under project management group and their corresponding group fuzzy numbers calculated by applying the fuzzy arithmetic averaging defined in Eq. (18) are shown in Table 3 . Table 4 . Table 4 .
Defuzzification
The last step is to convert the fuzzy output ORF of each risk at the bottom level of the hierarchy into a numerical value ORFT by using the defuzzification operator as defined in Eq. (28). The obtained values are shown in Table 4 .
Results
The application of this risk assessment methodology to the case on the rehabilitation project of a building in University of Cartagena leads to the following conclusions. The members in the risk assessment group have identified 13 risks classified into four groups as shown in Fig.3 . The cost of the process of development of actions to reduce threats to the project objectives is very high. For this reason, the process of prioritizing risks is crucial. An improvement of the project performance is possible when the actions of the plan risk responses are focused on high-priority risks.
Without forgetting that all the identified risks can affect the project, starting from the results presented in the last column of Table 4 , it can be affirmed that the actions of plan risk response must fundamentally be focused on the risks 'Lack of adequate process' 'Inexperienced team members', 'Design error' and 'Delay in supply'. These data demonstrate that project management team must be paid special attention to the composition of the risk assessment group and its activities.
Conclusion
Project risk management is a necessary and critical task of the project manager and project team.
Understanding risk management entails understanding the underlying factors that contribute to project risks, which are often the same regardless of the nature of the project. The first step in risk assessment is risk identification. Once risk identification is complete, risk analysis is used to identify the likelihood the risks that have been identified will happen. The ranking of risks is necessary because it would be difficult, if not impossible, to provide a plan for dealing with every possible risk in every step of the project. With a risk factor value assigned to each risk, the team now has a roadmap for mitigating project risk by developing contingency plans only for the tasks that have the highest risk factor.
In many circumstances, the application of classical risk assessment methodologies may not give satisfactory results due to incomplete risk data or the high level of uncertainty involved in the risk data available. It is therefore essential to develop new risk analysis methods to assess the risks in conditions of project execution where classical methods cannot be efficiently applied.
This paper presents a new methodology for construction project risk analysis to deal with risks associated with the construction projects in the complicated situations in which the information to assess risks is unquantifiable, incomplete or non-obtainable.
The approach allows members in the risk assessment group to make their judgements by means of linguistic terms instead of real numbers. Since linguistic terms are not mathematically operable, to cope with difficulty, each linguistic term is associated with a trapezoidal fuzzy number, which represents the meaning of each verbal term.
In order to facilitate the application of this methodology to problems with a large number of risks, a hierarchical weighting method to assess the weight of risks using pair-wise comparisons has been developed. The risk pair-wise comparative judgements are generally not consistent. The weighting method included an algorithm to reduce the inconsistency of the comparative judgement based on the minimization of the difference between the value of preference judgement obtained directly from the members in the risk assessment group and the ideal consistent value. This is a very important aspect in order to avoid misleading solutions.
To illustrate how the approach works, a problem on risk assessment of a rehabilitation project of a building has been presented.
The approach provides a simple and effective mechanism for modelling risk assessment problems involving subjective evaluations of the members in the risk assessment group. The developed methodology is applicable to the general fuzzy risk assessment problem where a ranking of risks is required.
